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Abstract
We present a 3D vision system based on the projection of a single fringe
pattern of incoherent light and on robust phase coding. A novel projection
scheme is exploited: two sinusoidal gratings at different frequencies are
combined into a single pattern, and phase demodulated in the natural
domain of the signal. The method yields the determination of two phase
maps, whose sensitivity to height variations is proportional to the
frequencies of the two grating components. Robust phase unwrapping is
implemented, where the phase ambiguity of the fine grating component is
naturally compensated for by the phase values evaluated by using the coarse
one. As a result, both a high measurement resolution and an extended height
range are obtained. The method requires the projection of a static pattern.
Hence, even a low-cost slide projector can be used as the projection device.
Moreover, the system turns out to be suitable for dynamic and real-time
measurement applications. In addition, it may be fruitfully used as the
acquisition sensor in full-optical reverse engineering applications. In this
paper, the measurement principle and the design issues of the instrument are
presented. The measurement performances are discussed, in relation to both
the input–output characteristic of the instrument and the acquisition of
free-form shapes.

Keywords: 3D optical measurement, structured light projection, phase
unwrapping, reverse engineering

(Some figures in this article are in colour only in the electronic version)

1. Introduction

Imaging sensors for 3D acquisition of surfaces have become
increasingly popular in recent times. A wide range of
applications, such as (i) dimensional and quality control, (ii)
reverse engineering and (iii) rapid prototyping, all benefit from
a non-contact optical approach. 3D imaging is generally based
on either passive or active triangulation [1–4]. The latter, in
particular, is based on the projection of a coherent or incoherent
structured light pattern onto the object and on the acquisition
of the image along a direction at an angle with respect to that of
projection. The range information is derived from the analysis

of the pattern, deformed by the object shape, using optical
triangulation.

In our laboratory, we have developed a system based
on active triangulation, implementing the Gray-code and the
phase shift technique [5–7]. The projection of 11 black
and white fringe patterns and their elaboration leads to the
determination of a set of real numbers (called light planes),
which unequivocally define an equal number of light directions
across the field of view. In the system, both an extended range
and a good resolution of the measurement are obtained, thanks
to the unequivocal definition of the light directions, and to the
fact that light planes are real numbers. Apart from the cost
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of the system, the main limitation is represented by the time-
coded projection, which introduces a bottleneck when on-line
measurement and/or dynamic measurement are considered.

To overcome the above limitation, we considered methods
involving the use of a single, static pattern. We first
investigated a classical method based on the projection of a
single Ronchi grating and on the phase demodulation in the
natural domain of the signal [8–10]. Each row of the acquired
pattern is multiplied by the cosine and the sine functions
at the carrier frequency of the projected pattern. Suitable
adaptive filtering is then applied to these signals to separate
the base-band information from the higher order frequencies.
The phase information is obtained by evaluating the inverse
tangent of the ratio between the low-passed signals. Suitable
unwrapping is then carried out to obtain a continuous phase
map (i.e., the phase coding without 2π jumps): it is based on
the spatial comparison of phase values at neighbouring pixels
[11]. The resulting phase map is proportional to the object
height: the range information is retrieved by means of optical
triangulation. The technique inherently yields high resolution,
and in principle can be implemented by using a low-cost slide
projector. However, it shows limited robustness against local
noise and steep curvature changes of the shapes. The reason
is that both low modulation of the fringes and fringe loss in
correspondence with the shape discontinuities may result in
the incorrect detection of the phase fringe order and in the
error propagation along the unwrapping direction.

Whenever phase-measuring methods involving the
evaluation of the tan−1 function are considered, the
achievement of high measurement accuracy and the coverage
of full measurement range without ambiguity are in most cases
in serious conflict [12–14]. A wide variety of solutions to this
problem have been proposed over the years. Among them,
methods based on the so-called temporal-phase unwrapping
approach are of interest [15, 16]. They perform the
unwrapping along the time coordinate, using the projection
of a proper number of fringe patterns at different frequencies.
The unwrapped phase is evaluated on a pixel-by-pixel basis,
preventing error propagation to neighbouring pixels. To
reduce the number of fringe patterns, and at the same time
to guarantee the robustness of the unwrapping, a number of
variations on the original scheme have been proposed [17–25].
As an example, in [25] two sinusoidal gratings with different
frequencies are projected on the object: the higher frequency
yields higher sensitivity and the lower one is used as a reference
in the phase unwrapping procedure. Since the phase detection
is performed by means of a four-stepping phase shift approach,
eight patterns must be projected; hence, the method suffers the
limitation of requiring a time-coded projection.

To overcome this limitation, we propose a new phase
coding technique based on the projection of a single pattern
obtained by merging two sinusoidal gratings at two different
frequencies. The phase extraction algorithm is performed in
the natural domain of the signal, by following the method
described in [9]. Special care has been taken to guarantee
a good level of flexibility of the phase demodulation as well
as sufficient robustness of the whole procedure against both
fine and coarse variations of the two frequencies. The method
yields the determination of two phase maps, whose sensitivity
to height variations is proportional to the frequencies of the two
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Figure 1. Geometry of the system and principle of optical
triangulation.

grating components. Robust phase unwrapping is obtained,
where the phase ambiguity of the fine grating component is
naturally compensated for by the phase values evaluated by
using the coarse one.

Section 2 describes the phase demodulation procedure, the
phase unwrapping algorithm and the triangulation principle.
Section 3 presents the criteria underlying the design of the
measurement system. Section 4 presents the experimental
results: the input–output characteristics of the instrument
in two typical configurations are shown. In addition, two
tests dealing with the acquisition of free-form shapes are
reported. The feasibility of using the system in a typical
reverse engineering application is proved.

2. The measurement technique

The system operates according to the well-known concept of
active triangulation. Figure 1 shows the optical layout. The
projector and the video camera are represented by planes π

and κ respectively, the exit pupil of the projector is located at
point Ep, and the entrance pupil of the video camera at point
Ec. Coordinate systems (Xp, Yp, Zp) and (Xc, Yc, Zc) define
the orientation of the projection and acquisition devices: their
optical axes (Zp and Zc respectively) lay in the same plane,
perpendicular to a flat surface, denoted as the reference plane
in the figure. The measurement coordinate system is (X, Y,
Z). Axis Xc is parallel to X, while axis Xp is angled at α =
tan−1(L/d). Parameter L is the standoff distance, i.e., the
distance of the projector–camera pair from the reference plane,
and parameter d = EpEc is the system baseline. Coordinates
Yp, Yc and Y are perpendicular to the plane of the figure, and
are not plotted for clarity. FW is the width of the field of view
(FOV) along X at the reference plane.

The projector projects onto the FOV a bi-dimensional
pattern of light, generated by spatially overlapping two
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Figure 2. Schematics of the phase demodulation procedure.

sinusoidal gratings at frequencies f0 and f1:

I (xp, yp) = I0p(xp, yp) + I1p(xp, yp)

= B0p(xp, yp) cos(2πf0xp) + B1p(xp, yp) cos(2πf1xp).

(1)

In equation (1) B0p and B1p represent the fringe contrast. The
relationship between frequencies f0 and f1 is

f0 = f1/N (N = 3, 4, 5 . . .). (2)

Pattern I (xp, yp) is back scattered by the scene and is acquired
by the video camera. Denoting by (i, j) the pixel coordinates
at plane κ (respectively parallel to Xc, Yc), the intensity
distribution of the acquired pattern can be expressed in the
following form:

I (i, j) = A(i, j) + I0(i, j) + I1(i, j)

= A(i, j) + B0(i, j) cos(2πf0i + φ0(i, j))

+ B1(i, j) cos(2πf1i + φ1(i, j)). (3)

In equation (3), A(i, j) is the background intensity, B0(i, j) and
B1(i, j) are the fringe contrast of I0(i, j) and I1(i, j), φ0(i, j)

and φ1(i, j) are the object-induced phase terms that modulate
I0(i, j) and I1(i, j) respectively. In order to retrieve the object
height it is necessary (i) to compute φ0(i, j) and φ1(i, j) from
I(i, j) by suitable demodulation, (ii) to obtain the continuous
phase map �(i, j) by means of robust unwrapping and (iii) to
apply the triangulation formula that maps phase values �(i, j)
to height values Z(i, j). These steps are detailed in the following
sections.

2.1. The phase demodulation scheme

The phase demodulation procedure is illustrated in figure 2.
In the first step of the elaboration, components I0(i, j) and
I1(i, j) are retrieved from pattern I(i, j). To this aim, I(i, j) is low-
pass filtered with a cut-off frequency fs = (f0 + f1)/2. The
filter output is represented by signal ILP(i, j) = A(i, j) + I0(i, j).
Component I1(i, j) is calculated as the difference between

I(i, j) and ILP(i, j); component I0(i, j) is obtained from ILP(i, j)
after the elimination of the residual, low-frequency term A(i, j)
by means of a simple notch filter. In the second step, signals
I0(i, j) and I1(i, j) are processed following the demodulation
approach described in [8, 9]. They are multiplied by sine and
cosine functions whose spatial frequencies equal f0 and f1.
The following signals are obtained:

I0c(i, j) = I0(i, j) cos(2πf0i) = B0(i, j) cos(2πf0i

+ φ0(i, j)) cos(2πf0i) = 1
2B0(i, j) cos(φ0(i, j))

+ 1
2B0(i, j) cos(4πf0i + φ0(i, j)) (4)

I0s(i, j) = I0(i, j) sin(2πf0i) = B0(i, j) cos(2πf0i

+ φ0(i, j)) sin(2πf0i) = 1
2B0(i, j) sin(φ0(i, j))

+ 1
2B0(i, j) sin(4πf0i + φ0(i, j)) (5)

I1c(i, j) = I1(i, j) cos(2πf1i) = B1(i, j) cos(2πf1i

+ φ1(i, j)) cos(2πf1i) = 1
2B1(i, j) cos(φ1(i, j))

+ 1
2B1(i, j) cos(4πf1i + φ1(i, j)) (6)

I1s(i, j) = I1(i, j) sin(2πf1i) = B1(i, j) cos(2πf1i

+ φ1(i, j)) sin(2πf1i) = 1
2B1(i, j) sin(φ1(i, j))

+ 1
2B1(i, j) sin(4πf1i + φ1(i, j)). (7)

Signals I0c(i, j), I0s(i, j) are then low passed at the cut-off
frequency f0, whereas I1c(i, j) and I1s(i, j) are low passed at
the cut-off frequency f1. The resulting output signals are

I0cLP(i, j) = 1
2B0(i, j) cos(φ0(i, j)) (8)

I0sLP(i, j) = 1
2B0(i, j) sin(φ0(i, j)) (9)

I1cLP(i, j) = 1
2B1(i, j) cos(φ1(i, j)) (10)

I1sLP(i, j) = 1
2B1(i, j) sin(φ1(i, j)). (11)

Special care has been taken in the choice of the filter topology
in order to guarantee good robustness of the filtering procedure
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Figure 3. Phase unwrapping principle.

to variations of values f0 and f1 and to finely control the filter
cut-off frequencies. Finite impulse response (FIR) filters are
generally used [26]; we used infinite impulse response (IIR)
filters instead, and concentrated on those of the Butterworth
type: the higher computation time with respect to FIR moving
average or comb filters is balanced by the ability of the
Butterworth filters to well adapt to variations of the input
signal, since their closed-form design formulae allow a simpler
generation procedure, and the filter parameters can be varied
at will [10]. In particular, the cut-off frequencies can be set
automatically as a function of f0 and f1 and the flat behaviour
of the filter response reduces the phase errors.

Phase maps φ0(i, j) and φ1(i, j) are determined as

φ0(i, j) = tan−1

[
I0sLP(i, j)

I0cLP(i, j)

]
(12)

φ1(i, j) = tan−1

[
I1sLP(i, j)

I1cLP(i, j)

]
. (13)

In the third step, the unwrapping is performed, in order to
retrieve the continuous phase map �(i, j). Using equation (2)
it can be shown that

φ1(i, j) = Nφ0(i, j) (14)

at least within the non-ambiguity interval of φ1(i, j). As an
example, figure 3 plots φ1(i, j) and φ0(i, j) as a function of the
object height, for N = 5. Due to equation (14) φ1(i, j) shows
higher sensitivity than φ0(i, j) against height variations. On
the other hand, the maximum height range Z1Max that can be
unambiguously tracked by φ1(i, j) is N times smaller than the
height value Z0Max that can be detected by φ0(i, j). Thus,
φ0(i, j) can be used to extend the non-ambiguity range of
φ1(i, j). The unwrapped phase �(i, j) can be expressed as

�(i, j) = φ1(i, j) + 2πn(i, j) (15)

where n(i, j), the unknown fringe order, is evaluated as

n(i, j) = INT

[
Nφ0(i, j) − φ1(i, j)

2π

]
. (16)

In equation (16), symbol INT denotes rounding to the nearest
integer.

2.2. The phase-to-height mapping

The measurement procedure is based on the projection of
pattern I(xp, yp) in the absence and in the presence of
the unknown object. Correspondingly, two phase maps
are computed: the former is the so-called reference phase

�Ref(i, j), since it corresponds to the measurement of the
reference plane; the latter is the object phase map �Obj(i, j).
Both of them implement the indexing of the directions of
projection that are imaged at the image plane. The object
height map Z(i, j) is obtained by applying a triangulation
formula, for simplicity shown only for object point PO in
figure 1. Two different directions of projection are viewed
along the same line of sight EcPO: these are ray EpA when the
reference plane is illuminated and ray EpPO when the object
is illuminated. Phase values �Ref(iP, jP) and �Obj(iP, jP)

perform the indexing of rays EpA and EpPO respectively, and
their difference is proportional to distance AB at the reference
plane [8]. The following relationship holds:

AB = �Obj(iP, jP) − �Ref(iP, jP)

2πf1
= P1��(iP, jP)

2π
. (17)

In equation (17), P1 is the spatial period of the grating
component at frequency f1. It is worth noting that use of
equation (17) leads to a good estimate of distance AB when
the triangulation geometry is characterized by values of the
ratio L/d at least equal to 3, or when the object height is
small with respect to the value of L. In contrast, for L/d < 3
or for increased values of the object height, the relationship
between phase values and distance AB becomes nonlinear, to
compensate for the variation of period P1 along the field of
view, due to the system crossed axis optical geometry [27].
The triangulation principle exploits the similarity between
triangles AP̂ OB and ECP̂ OEP and results in the following
expression:

POK = Z(iP, jP) = L · AB

d − AB
= LP1��(iP, jP)

2πd − P1��(iP, jP)
.

(18)

It is worth noting that �Ref(i, j) can be evaluated only during
the set up of the system: in this case, the reference plane
becomes a virtual surface, since it may be avoided during the
measurement of the target object. Suitable procedures are used
in this case to eliminate the influence of the background from
the measurement.

3. Setting the system parameters

The following subsections present the relationships that
allow us to define the values of the optical and geometrical
parameters of the system depending on the measurement
requirements, such as the resolution, the height range and
the maximum object slope.

3.1. Evaluation of the measurement resolution

The measurement resolution Zres can be evaluated from
equation (18) by substituting into �� the minimum phase
value �min that can be measured:

Zres = LP1�min

2πd − P1�min
. (19)

Expression (19) shows that the minimum height value
detectable by the system depends on the triangulation
parameters L and d, on the spatial period P1 of grating I1(i, j)
and on value �min. It is clear that the measurement resolution
increases when the ratio L/d decreases, and when spatial
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period P1 decreases. However, these parameters cannot be
varied at will. For example, increasing the value of baseline d
may generate large shadow regions; in addition, the value of
P1 is lower bounded by the need to correctly represent grating
I1(i, j) across the field of view, for a given value of the video
camera resolution.

Value �min is the phase resolution and depends on the
accuracy of signals I1sLP and I1cLP in equation (13). Denoting
with �I1sLP and �I1cLP the entity of the errors in the evaluation
of I1sLP and I1cLP respectively, and considering that even small
values of both �I1sLP and �I1cLP may result in large phase
errors in correspondence with φ1(i, j) ∼= 0, value �min can be
evaluated, for φ1(i, j) = 0, as

�min = tan−1

[
�I1sLP

�I1cLP

]
φ1(i,j)=0

= tan−1


 ± 1

2
Q

B1

1
2B1 ± 1

2
Q

B1




= tan−1

[
1

Q − 1

]
. (20)

In equation (20), Q represents the number of quantization
levels available to represent signals I1sLP and I1cLP. It is clear
that, in the ideal case (i.e., absence of noise sources), parameter
Q is 2n, where n is the number of bits available to represent
the acquired images and depends only on the dynamic range
of the video camera. However, in practice, the accuracy of
signals I1sLP and I1cLP is markedly influenced by (i) the external
conditions (i.e., the environmental illumination, the surface
colour, reflectance and texture, the intensity of the projected
light), (ii) the performance of the measurement procedure (i.e.,
the flexibility of the filtering blocks, the robustness of the
unwrapping) and (iii) the nature of the projected pattern (i.e.,
the fact that the dynamic range given by the video camera must
be shared by two patterns that are overlapped at the projection
plane). Consequently, the value of Q becomes smaller with
respect to the ideal case: in practice, values of Q are in the
range 24–26.

3.2. Evaluation of the maximum measurement range

The maximum range of measurement �Zmax depends on the
non-ambiguity range of absolute phase �(i, j), which in turn
coincides with the length of the spatial period P0 = 1/f0
of grating I0(i, j). The value of �Zmax is estimated from
equation (18) by considering period P0 instead of P1 and for
�� = 2π :

�Zmax = LP0

d − P0
. (21)

It is worth noting that, in practice, the maximum height range
does not depend only on equation (21), since the depth of field
significantly influences also the maximum detectable range.
Denoting with δL the depth of field, it can be expressed as

δL = L · B · F#

F
. (22)

In equation (22), F and F# are the focal length and the f-number
of the camera optics respectively, and B is the diameter of the
blur spot [28].

3.3. Evaluation of the object maximum slope

The maximum slope of the object that can be correctly
measured by the system can be estimated as follows. Given
the expression for the intensity light pattern acquired by the
video camera in equation (3), the evaluation of phase maps
φ0(i, j) and φ1(i, j) can be correctly performed if the spectra
of gratings I0(i, j) and I1(i, j) are well separated [13]. This
condition can be expressed as

f0 max < f1 min. (23)

By analogy with the definition of instantaneous frequency of
FM signals, local fringe frequencies are defined as


f0max = f0 +

1

2π
(∂φ0,X)max

f1min = f1 +
1

2π
(∂φ1,X)min

(24)

where (∂φ0,X)max and (∂φ1,X)min represent the derivatives of
φ0(i, j) and φ1(i, j) along X. Taking into account that f0 =
f1/N, and using expressions (24) in condition (23), the
following relationship holds:

f1

N
+

1

2π

1

N
(∂φ1,X)max < f1 +

1

2π
(∂φ1,X)min. (25)

Equation (25) can be transformed into a more restrictive one:

f1

N
+

1

2π

1

N
(∂φ1,X)max < f1 − 1

2π
(∂φ1,X)max (26)

from which

(∂φ1,X)max <
N − 1

N + 1
2πf1. (27)

Denoting by (∂ZX)max the maximum slope of the target
shape which can be correctly evaluated, considering in
equation (18) that 2πd � P1��, and using equation (15),
obtain the result:

(∂ZX)max = LP1

2πd
(∂φ1,X)max. (28)

By combining equations (27) and (28), the following condition
is found:

(∂ZX)max <
N − 1

N + 1
· L

d
. (29)

Equation (29) shows that the maximum measurable slope is a
function of the ratio N between the spatial periods and of the
ratio L/d.

3.4. The evaluation of the spatial periods P0 and P1

Equations (19) and (21) clearly show that the measurement
resolution and the measurement range increase by decreasing
the period P1 and by increasing the period P0 respectively.
However, these values cannot be varied at will: this is discussed
with the aid of figures 4 and 5. Figure 4 in fact shows the
dependence of the amplitude of the Fourier spectrum of a
cosine function defined by a predefined number of samples
per period (ten samples in this example) on the number of
periods used to represent the function. Figures 4(a) and (b)
plot the spectra corresponding to three and to fifty periods
respectively. Correspondingly, the sequence length M is equal
to 30 and to 500. The comparison of these plots highlights
that the lower the number of periods available to express
the cosine function, the larger the width of the peak at the

1113



G Sansoni and E Redaelli

k
-ππ +ππ0 

0 

0.5 

Y
(k

) 

0 

0.5 

Y
(k

) 

(a) 

k
-ππ +ππ0 

(b) 

Figure 4. Dependence of the amplitude of the Fourier spectrum of a
cosine function, defined by ten samples per period, on the number of
periods used to represent the function: (a) spectrum corresponding
to three periods (M = 30), (b) spectrum corresponding to 50 periods
(M = 500).
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Figure 5. Dependence of the amplitude of the spectrum of a cosine
function, defined over ten periods, on the frequency sampling:
(a) spectrum corresponding to five samples per period, (b) spectrum
corresponding to 50 samples per period.

carrier frequency. Figure 5 shows the dependence of the
amplitude of the spectrum of a cosine function defined over a
predefined number of periods (ten periods in this example) on
the frequency sampling. Figures 5(a) and (b) plot the spectra

Figure 6. Experimental apparatus used to test the technique.

corresponding to five and fifty samples per period respectively.
Correspondingly, the length M of the sequences is equal to 50
and to 500. It is easy to note that the lower the number of
pixels per period, the larger the width of the peak at the carrier
frequency.

As the measurement principle depends on accurate
measurement of phase, the widths of spectral peaks at
frequencies f0 and f1 in equation (3) need to be minimized.
Care therefore needs to be taken to ensure that the peaks are not
unduly broadened either by an insufficient number of fringes
in grating I0(i, j), as in figure 4(a), or by an insufficient number
of pixels per period in grating I1(i, j), as in figure 5(a). Hence,
period P0 is upper bounded and period P1 is lower bounded.
Optimal values obviously depend on the resolution of the video
camera, which represents the length M of the sequences. As
a general rule, we observed that both the minimum number of
fringes at period P0 and the minimum number of pixels per
fringe at period P1 should be at least equal to 10.

4. Experimental results

Figure 6 shows the system prototype. The projector is a Braun
Novamat 515AF, low-cost slide projector equipped with an
85 mm objective. The video camera is a B/W Robosoft
GT-104, operating at a standard resolution of 768 × 576
pixels. A number of experimental tests were performed to
assess the measurement performance of the apparatus. Firstly,
the input–output characteristic of the system was evaluated
in correspondence with different values of the measurement
range �Zmax and of the maximum object slope (∂ZX)max.
Secondly, the acquisition of target objects was performed. In
the following, the most significant results are detailed.

4.1. Evaluation of the input–output characteristics
of the system

The system input–output characteristics corresponding to two
different sets of values for the measurement range �Zmax and
for the maximum object slope (∂ZX)max are here reported. In
the first test, �Zmax was equal to 50 mm, and (∂ZX)max was
equal to tan(45◦). Due to the considerations in section 3.4,
and noting that the CCD resolution was 768 pixels along
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Figure 7. Input–output characteristic curve of the system (�Zmax =
50 mm).

the X coordinate, the value of parameter N was set to 8.
Equation (29) for N = 8 yielded L/d = 1.59. By using this
value in equation (21), for P0 � d, the spatial period P0 was
estimated to be equal to 32 mm. Use of relationship (2) yielded
P1 = 4 mm. In order to guarantee that at least ten fringes at
period P0 were acquired by the video camera, the length FW of
the FOV was set to 320 mm. Considering that the dimension
of the slide at the projector plane was equal to 24 mm, and that
the focal length of the projector optics was 85 mm, by using
simple geometrical relationships, the value of parameter L was
equal to 1120 mm. The baseline d was, correspondingly, set
to 700 mm.

A test surface consisting of a flat plate parallel to the
reference plane was mounted on a translation stage oriented
along the Z axis. This was moved in steps of 5 mm over a
range of 100 mm with a positioning error of about 0.01 mm.
At each step, the plane was measured and the corresponding
height maps were statistically analysed. The input–output
characteristic curve shown in figure 7 was obtained. Here,
Zin is the plane position and Zout is the position resulting
from the mean value of the measured heights, expressed with
respect to the reference plane. The input–output relationship
is linear, with a regression coefficient equal to 0.9999. The
measurement range experimentally evaluated is �Zmax as
expected.

In the second test, �Zmax was 140 mm, and (∂ZX)max

was greater than tan(70◦). For N = 8 and P0 = 32 mm, the
input requirements were satisfied for L/d = 4.4. P1 was set to
4 mm. Choosing L = 1120 mm, it followed d = 254 mm. The
corresponding characteristic curve is shown in figure 8. Here,
only the range up to 100 mm is plotted, basically because,
for greater values of distance Zin, the quality of the acquired
images decreased due to defocusing, and the measurement
error dramatically increased. Within the input interval plotted
in figure 8, the system showed a linearity of 0.05% of full
range. The saw-tooth like curve shown in the figure is the
characteristic curve obtained when only the pattern at period
P1 was projected: as expected, the effective measurement range
was reduced by phase ambiguity in φ1(i, j).

4.2. Comments on the measurement accuracy and resolution

The accuracy of the measurement was evaluated by computing
the error distribution of the measured heights obtained in

Figure 8. Input–output characteristic curve of the system (�Zmax =
140 mm).
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Figure 9. Example of the measured height error along a section of
the height map computed at Zin = 30 mm (former test).

the two experimental set-ups described in section 4.1, for
each position Zin of the test surface. The mean value
µ and the standard deviation σ for each error distribution
were then computed, and averaged over the measurement
ranges considered in the two cases. The resulting type
A uncertainties were equal to 0.13 mm and to 0.200 mm
respectively [29]. When compared to multiple-shot phase-
measuring techniques, the proposed method showed lower
performance: as an example, in publication [27], we proposed
a system based on a four-phase shifting method that, for
similar optical geometry and triangulation approach, shows a
measurement uncertainty equal to 60 µm. The reason for this
difference is evident in figure 9, where the measurement error
along a single section of the height map obtained for Zin =
30 mm is shown. The values of µ and σ are 0.016 mm
and 0.127 mm respectively. The plot shows the presence
of a waviness over the error profile. This effect is due to an
excessive broadening of the spectral peaks at frequencies f0 and
f1 in equation (3), that yields residual high order frequency
components of the phase signals in equations (12) and
(13). However, it can be significantly reduced by increasing
the spatial resolution of the video camera, as discussed in
section 3.4. In fact, whenever the pixel number increases,
(i) the spectral peaks of signals in equations (4)–(7) become
narrower and well separated from each other. Consequently,
the base-band components in equations (8)–(11) can be
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Figure 10. Acquisition of the pattern deformed by a mannequin
head used as the target.

effectively extracted, and are not affected by the residual
influence of the components at higher frequencies.

The measurement resolution is obviously limited by the
effective accuracy of the measurement. In order to increase
the measurement resolution, the value of parameter Q in
equation (20) should be increased, and the value of spatial
period P1 in equation (19) should be minimized, and the
baseline d should be increased. In practice, these conditions
are fulfilled by increasing the grey-level dynamic range of the
video camera, and by using suitable values of the optical and
geometrical parameters.

4.3. Measurement of the mannequin head

Figure 10 shows the target object used in this test: it is a white-
coloured polystyrene-made mannequin head, characterized by
both smooth and rapid surface variations. This object occupied
a volume of 270 × 150 × 180 mm3 (height × width × depth).
The system was configured with L = 1200 mm, d = 205 mm
and FW = 320 mm. The spatial periods P0 and P1 were equal
to 32 mm and to 4 mm at the reference plane: the deformation
induced on the projected pattern is clearly visible in figure 10.
The point distributions in figures 11(a) and (b) correspond
to the use of phase maps φ0(i, j) and φ1(i, j) respectively,
without unwrapping. It is well evident that, in the former
plot, the range is covered without discontinuities; however
the details are almost completely lost. In the latter plot, the
opposite holds: the details of the face, such as the nose and
the mouth, are accurately captured but the shape continuity
is lost. The robust combination of phase maps φ0(i, j) and
φ1(i, j) in the unwrapped phase �(i, j) resulted in the
range image of figure 11(c). Here, the measurement range
is 80 mm, and the variability of the measurement is estimated
about 0.17 mm.

4.4. Measurement of a roofing tile

The object used in this test is the roofing tile shown in
figure 12. The dimensions of this object were 370 × 270 ×
50 mm3 (height × width × depth). This object had both
extended depth range and fine detail associated with the surface

(a) (b)

(c)

Figure 11. Acquisition of a mannequin head: (a) 3D shape
measured when phase map φ0(i, j) is used, (b) 3D shape measured
when phase map φ1(i, j) is used, (c) 3D shape measured by using the
unwrapped phase map �(i, j).

grooves. The measurement was performed with L = 1230 mm,
d = 200 mm, FW = 305 and N = 8. This configuration
turned out to be optimal to acquire both the range and the
details, sacrificing the coverage of the whole surface. The
point distribution corresponding to a single-shot acquisition is
shown in figure 13(a). A single section along the X direction
of the point cloud is plotted in figure 13(b). This figure shows
how the combined use of phase maps φ0(i, j) and φ1(i, j) in the
unwrapped phase �(i, j) enables (i) the correct measurement
of the actual object height and (ii) the detection of the steep
slope change in correspondence with the surface grooves.
The residual waviness overlapped on this profile yielded a
variability of the measurements of ±0.200 mm.

The point distribution in figure 13(a) was further
developed to demonstrate its application to reverse engineering
of shapes. This has important applications in many fields
such as the production of prototypes and die casts, and the
restyling of shapes [30]. To accomplish this task, the 3D
raw data were input to a software environment specifically
designed for the post-processing of noisy, dense point clouds
[31]. The software, called Optosurfacer, is characterized
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Figure 12. Image of the roofing tile.
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Figure 13. Measurement of the surface in figure 12: (a) whole point
cloud, (b) profile along a section.

by a high level of automation of the data processing, and
guarantees full compatibility with the higher level, higher
cost, market available software modules, for the generation
of descriptive models of the shapes. Optosurfacer generates
meshes of rectangles from the measured points. The software
is composed of a number of modules; each one is specialized
to perform a specific task. These are (i) data importing and
ordering, (ii) detection and editing of undercuts and out-
layers, (iii) definition of the mesh that models the original

(a)

(b)

Figure 14. Post-processing of the point cloud in figure 13:
(a) polygon mesh, (b) distribution of the polygons in dependence on
the local curvature of the surface.

Figure 15. Rendered view of the CAD model obtained by proper
decimation and elaboration of the mesh in figure 14.

measurement data, (iv) flexible trimming of the mesh topology
depending on the object local curvature and (v) scaling,
mirroring and translation of the entities.

The ordering algorithm added the neighbouring
information to the points in figure 13(a), and organized them
into a regular matrix. To obtain a good trade-off among the
detail of the representation, the number of rectangular entities
of the output IGS file and the overall elaboration time, it
performed proper data decimation, depending on the value
of a threshold parameter, user-selectable. The ordered data
sets were then edited, to eliminate isolated points, invalid
measurement data, and to increase the signal-to-noise ratio.
Then the rectangle mesh was created over the data. The result
of this elaboration is shown in figure 14(a). The corresponding
IGES file is a 9000 rectangles, 6 Mbyte file. The zoomed
view in figure 14(b) shows the topology of the rectangles
and the variability of their dimension to precisely follow the
local curvature of the shapes. The effect of the waviness
superimposed on the actual surface is well evident. The
original IGES file was further decimated, in order to find a
trade-off between the adherence of the model to the shapes and
the need to reduce the file dimension. The model was reduced
to a 870 kbyte IGES file and imported into commercial CAD
software (Rhinoceros R©). Figure 15 shows the result of the
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elaboration after the creation of a thickness and the elaboration
of the surface rendering.

5. Conclusions

In this paper, a system for 3D vision based on the projection
of a single fringe pattern of incoherent light and on robust
phase coding has been presented. The fringe pattern is
obtained by spatially overlapping two gratings with sinusoidal
profile at different frequencies. The phase demodulation is
performed in the natural domain of the signal. Robust phase
unwrapping is obtained by compensating the phase ambiguity
of the fine grating component by means of the continuous
phase values evaluated from the coarse one. As a result,
both a high measurement resolution and an extended height
range are obtained. The instrument shows good performance
and is well adapted to the acquisition of objects for both
static, real-time, and dynamic applications. The feasibility
of using the system in combination with suitable software for
the generation of descriptive models of raw 3D data has also
been demonstrated. Further work will consider the use of
higher resolution cameras, as well as of a novel triangulation
scheme to compensate for lens distortion parameters.
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